A bifilar suspension pendulum, a uniform density bar suspended at its two points by two strings of same length from an upper horizontal plane, may swing in two vertical planes or make torsional oscillation about a vertical axis. The free oscillation periods measured in the three modes match well the normal modes derived from linear theory due to the pendulum configuration. These modes are linearly independent of each other, but it is possible to make nonlinear coupling between those as various types of internal resonance. For each mode, a common equation of inertia type shows to give nonlinear hardening/softening. Swing mode 1 has softening as in the simple pendulum, but Swinging-bar mode 2 makes softening/hardening mainly depending on the configuration. Rotational oscillation mode 3 also makes softening/hardening with changing the moment of inertia and the configuration. These are shown analytically and numerically by methods of singular perturbation and numerical computations, prior to an analysis of the internal resonances in a forthcoming paper.
1.
A nonlinear analysis on the three oscillation modes of a bifilar suspension pendulum (1) (Formulation of nonlinear oscillation problem and primary resonance analysis of one degree of freedom nonlinear inertia type forced damping systems) 
2 T 2 = 2π/ω 02 ) and mode 3 (dotted, T 3 = 2π/ω 03 ). The string length is L = 0.443 m (magenta, below), L = 0.542 m (orange, middle), and L = 0.648 m (blue, above). Black marks are (c, T e ) for measured period T e and found to be fitted well to the curves of T . The three oscillation modes arise without any coupling in linear stage, but the three sets of curves have cross points at c = b 2 /(3a) = 0.259 m to give rise to internal resonance ω 01 = ω 02 = ω 03 in nonlinear stage. The curves of mode 1 and 2 cross each other at c = a = 0.26 m (parallelogram type), which may yield the nonlinear coupling as ω 01 = ω 02 .
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given by Eq(20) against various values of c, for mode n (n = 1, 2 and 3) with the pendulum configuration of b = 1.7288 = b 0 and L = 2.0846 = L 0 Mode 1 gives a 11 ≤ 0, a 21 = 0 and δ 1 = −1/16 (softening). We can see in mode 2 that a 12 changes sign, a 22 ≥ 0 and δ 2 changes as δ 2 < 0, δ 2 > 0 and δ 2 < 0 as in change of c from the top of the column (see Figs.5 and 6 where the hardening (δ 2 > 0) arises in the region (A) and (B)). It is found that a typical softening is δ 2 = −0.0737 at c = 0.3365 and the maximum hardening δ 2 = 0.1543 arises at c = 2.2152 (see Fig.6(a) ). It is shown in mode 3 that a 13 changes sign, a 23 ≥ 0 and the softening δ 3 < 0 in experiments. The hardening region (δ 3 > 0) is found to exist on L cl and is extended much as b becomes large, as seen in Figs.7 and 8 where the hardening arises in the region (C 1 ) and (C 2 ). 
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4. 
1 mode 2 δ 2 = −0.0737 δ 2 = 0.1543
A 0 ω 10 11 3 9(a) δ 2 = 0.1543 ω 2 = 0.9139 F 0 = 0.025 Table 2 . Table 2 Comparison of the numerical computation (NC) with the analytical results by MMS1, MMS2&HB&MLP1 and MLP2&3 for very weak forcing F 0 = 0.025. The resultant set of peak value (ω m2 , A m2 ) is shown in the top row for the hardening 'H' (ω 2 = 0.9139 and δ 2 = 0.1543) corresponding to Fig.9 , and in the bottom row for the softening 'S' (ω 2 = 0.6872 and δ 2 = −0.737). The data of NC is computed in 0.4 ≤ ω ≤ 1.4 for H and in 0.2 ≤ ω ≤ 1.2 for S, with increasing ω from the lower and decreasing from the higher. The resultant A 0 is single-valued function of ω and is the same for both computations, without any jump and hysteresis (see Fig.9 for H). The peak point (ω mc , A mc ) in NC is matched well with the analytical peak value. Against the data of NC, MMS1 given by Eq(18) for H gives little higher peak value, but for S little lower amplitude. For MMS2&HB&MLP1, the peak point given by Eq(27) provides good approximation. MLP2&3 given by Eq(36) show the best fitting. 
